Black string traveling waves 
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represent waves traveling along "extremal black strings." 
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1. Introduction 



The low energy limit of string theory gives a set of classical equations, similar to 
Einstein's equations, for a metric and other fundamental fields. Several solutions of these 
equations have been found, including some representing "black strings" 1 that is extended 
objects with horizons. In this paper we will find some new solutions to low energy string 
theory. The solutions are found using a generating technique; starting with a known 
solution the technique produces a new solution representing waves traveling on the old 
background spacetime. There is no restriction on the amplitude of the waves and, in 
particular, no approximation in which the waves are considered "small" is used. The 
background solutions we will use are black strings; so the new solutions represent waves 
traveling on a black string background. 

The fields in the low energy string theory lagrangian are the sigma model metric g a fj, 
the dilaton <f> and the axion field strength H^. Here H abc is derived from a potential 
by H = <iB. The action in D dimensions is 



Here R is the scalar curvature of g a b and all indicies are raised and lowered with g ab . 

To use the generating technique we will need to write our expressions in terms of the 
Einstein metric g ab rather than the sigma model metric g ab . Define the number n, scalar 
i/j and metric g^ by 




(1) 



n = D - 4 



(2) 




(3) 



9ab = e 9ab 



(4) 



In terms of these variables the action is 




12 



1 



H abc H- 



(5) 
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Here, and in all subsequent equations, indicies are raised and lowered with the Einstein 
metric g ab . From this action it follows that the equations for the fields are 

V a V fl V - ^ H abc H abc = , (6) 

V a (e 4 ^ tf a5c ) = , (7) 
R\ = (n + 2)V a VV 6 V + \ H acd H bcd 

' d\H cde H cde . (8) 



6(n + 2) 

We will find solutions of equations (6-8) using the traveling wave generating technique 
of reference 2 . The technique works as follows: let (g^, ip, B ab ) be a solution of equations 
(6-8) that has a null, hypersurface orthogonal Killing vector k a . Then there is a scalar A 
such that 

V a k b = k [a V b] \nA . (9) 

Define the new metric g ab by 

9ab = 9ab + AQkah • (10) 
Let the scalar $ satisfy the equations 

k a V a $ = , (11) 

V a V a $ = . (12) 

Our new solution is (g ab , ip, B ab ), that is the metric g ab instead of g ab and the same matter 
fields as in the background solution. It follows from equation (11) that k a is also a null 
Killing vector for the new solution. So any disturbances in the new solution must propagate 
at the speed of light without changing their amplitude or shape. That is, the new solution 
is a traveling wave. 
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One can show that (g^, ip, B^) satisfies equations (6-8) as follows: a calculation of the 
Ricci tensor R a b of the metric shows 2 that R a b — R a ij is proportional to V a V a $. It 
then follows from equation (12) that R a b = R a f ) . One then needs to check that raising the 
indicies of with the new metric is the same as in the old metric. It then follows that 
equation (8) is satisfied. Now the wave operator V a V a for scalars invariant under the null 
translation is the same in the new metric as in the old; so equation (6) is satisfied. Similarly 
the divergence of an antisymmetric tensor is the same in both metrics; so equation (7) is 
satisfied. 

Therefore all one needs to do, in order to produce a new solution, is solve equations 
(11) and (12) on the old spacetime. In order to apply this technique the old spacetime 
must have a null Killing vector. The "extremal black string" solutions of reference 1 have 
a null Killing vector. In the next section we will apply the generating technique to these 
solutions. 

2. Traveling waves in D > 5 dimensions 

The extremal black string solutions 1,3 in D > 5 dimensions are given by the following 
expressions: 




(13) 




(14) 




(15) 



Here dtil 



n+1 



is the metric of the unit n + 1 sphere and M is a constant. 



The null Killing vector is 




(16) 



and the scalar A is A = e 
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We first verify that with the indicies raised by the new metric is the same as with 
the old metric. The inverse of the new metric is 

(g- l ) ah = g ah ~ A$k a k b . (17) 

From equations (14) and (16) it follows that there is an s a such that k a s a = and 

k a H abc = s [b k c] . (18) 

It then follows from equation (17) that H abc with its indicies raised by the new metric is 
the same as H abc . 

The new metric is given by 

ds 2 = ds 2 + e~ n ^ $ du 2 (19) 
where $ satisfies equations (11) and (12). Equation (11) is just 

*7 = ° ' < 20 » 

so $ depends only on the coordinates u, r and the n + 1 sphere coordinates. We seek a 
solution of the form 

$ = /(«) P(r) Y{6i) (21) 
where the 6*j are the coordinates on the n + 1 sphere. Equation (12) then becomes 



= f 



Y d ( n+1 dP\ P 



— + -~ D Y 



(22) 



^ r n+l dr \ dr ) r 2 

Here D 2 is the Laplacian operator on the n + 1 sphere. This equation places no restrictions 
on f(u). Essentially the function / is the profile of the wave and can be chosen arbitrarily. 
From equation (22) it follows that Y must be an eigenfunction of D . The eigenvalues of 
D 2 on the n + 1 sphere are — 1(1 + n) where / is a nonnegative integer. The function Y is 
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then Yi, an n + 1 spherical harmonic corresponding to the integer /. It then follows that 
P satisfies the equation 

1 d ( rn+l dP\ _ l(i + n) p = Q 



r n +l dr \ dr ) r 2 
The solutions are P = or P = r~^ +n \ The metric is then 



d~s 2 = e~ n ^ (2dudv + f(u) Y^i) du 2 } 

+ e W (d r 2 + r 2 dn 2 n+1 ) (24) 



where j3 = I or j3 = — (I + n). 



3. Traveling waves in 3 dimensions 

The extremal black string in 3 dimensions is given by ^ 

ip = hi (y/krj (25) 

where k is a constant; 

M 

B = — duAdv , (26) 
r 

M\ , , 1 M\~ 2 , o 



cfe z = 2/cr z ^1 - —J dwcfc + -k z \1 - —J dr 1 . (27) 

Once again the null Killing vector is k a = (d/dv) a . The scalar A is now A = [k 2 (r 2 - Mr)] 
As before, the three form H a ^ c is the same with its indicies raised by the new metric as 
with the old metric. The new metric is 



^ = cfe^ + r z - _ J $ du- 4 . (28) 
Equation (11) tells us that $ depends only on r and u. We seek a solution of the form 

$ = /(u)P(r) . (29) 



Equation (12) then becomes 



« = /(«)* 



(r - M) — 
dr 



(30) 



As before, this equation places no restrictions on f(u). The solutions for P(r) are P = 1 
or P = (r — M) _1 . The first solution gives a new metric equivalent to the old metric. So 
the only physically distinct solution is 

ds 2 = kr 2 (l - dudv + r f(u) du 2 + ^ k 2 (l - ^ dr 2 . (31) 



4. Properties of the metrics 

The extremal black strings are singular at r = 0. Therefore the traveling wave solutions 
are also singular at r = 0. One might interpret the extremal black string as the field of 
a straight fundamental string. In that case the traveling wave solutions would represent 
propagating modes of the fundamental string. 

Some three dimensional black string solutions come from exact conformal field theories. 4 
It would be interesting to see whether there is an exact conformal field theory whose low 
energy limit is the three dimensional black string traveling wave. 
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